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B. N. BANDODKAR COLLEGE OF SCIENCE, THANE
S.Y.B. Sc. SEMESTER IV
MATHEMATICS PAPER Il (USMT 402)
THEORY QUESTION BANK

UNIT 1: LINEAR TRANSFORMATION
Let V and W be vector spaces over R. Then show that T:V — W is a linear transformation if
and only if T(av, + Bv,) = aT(v,) + BT (v,) forall v;,v, €V and a, B € R.
If T:V — W is a linear transformation, then prove that
MTWO)=0 (i)T(—v)=-TWw) (i) Tw—w) =T(w)—-T(w)forallv,w € V.
Let T:V — W be a linear transformation. Then show that
(i) ker T is a subspace of V.
(i)img T is a subspace of W.
Let T:V — W be a linear transformation. Prove that T is injective if and only if ker T = {0}.
Let V and W be vector spaces over R and {v,, v, :**, v, } be a basis of V. Let wy,w,, -+, w,, be
any arbitrary elements of W. Then show that there exits a unique linear transformation
T:V — W suchthat T(v;) = w;;i = 1,2, ,n.
Let T:V — W be a linear transformation with ker T = {0}. If vy, v,, -+, v, are linearly
independent elements of V, then prove that T'(v,), T (vy), -+, T (vy,) are linearly independent
elements of W.
State and prove Rank-Nullity theorem.
State Rank-Nullity theorem. Hence prove that, if V and W are two vector spaces such that
dimV = dim Wand if T:V — W is a linear transformation, then show that T is injective iff T
is surjective.
Let U,V and W be vector spacesover R. Let T: U — Vand S :V — W be linear
transformations. Prove that the composite map S o T is also a linear transformation.
Let V be an n dimensional vector space with ordered basis B; = {v,,v,, -+, v,,} and let W be
m dimensional vector space with ordered basis B, = {wy,w,, -+, wp,}. Then show that there is
a one-to-one correspondence between L(V, W) and M, y-
Let V be an n dimensional vector space with ordered basis B; = {v,, v5,-:+,v,,} and let W be
m dimensional vector space with ordered basis = {w,,w,, -, w,,}. Let T:V — W be a linear
transformation. Show that [T (v)]p, = [m(T)]gj [v], Where [m(T)]gj denotes matrix of T
w.r.t bases B;and B,.
Let U,V and W be vector spaces over R. Let T: U — V and S: V — W be linear
transformations. Then prove that
(1) SoT: U — W is a linear transformation.
(i) aT: U — V is a linear transformation, for ¢ € R.
Let T:V — W be a linear transformation. If T is invertible then prove that T~ is also a linear
transformation.

Mrs. U. K. Patne, Asst. Prof., B. N. Bandodkar College of Science, Thane



14.

15.

16.

17.

10.
11.
12.

Let IV and W be vector spaces over R. Let T, S: V — W be linear transformations. Let
B,and B, be ordered basis of V and W respectively. Then show that

[m(S + T2 = [m($)]5: + [m(T)]5? and

[m(cT)]gi = c[m(T)]gi for any c € R.
Let V,,V, and V5 be vector spaces over R with bases B;, B, and B; respectively. Let T:V;, —
V, and S: V, — V5 be linear transformations. Then show that

[m(S 0 D5 = [m()]F: x [m(D]3:.
Let V be a vector space and T:V — V be a linear transformation. Let A = [m(T)]5 where
B = {vy,v,, -, v, } is an ordered basis of V. Then show that T is invertible iff A is invertible
and hence show that [m(T~1)]5 = AL
Let V be a vector space and let B,, B, be two bases of V. Let T:V — W be a linear
transformation. Then prove that there exits an invertible matrix N such that

[m(T)]52 = N~ [m(T)]5!N.

UNIT 2: DETERMINANTS
Let f: R? x R? — R be a multilinear, alternating function with f(I) = 1. Prove that
f(AL, A%) = det (A%, A%) where A, A% € R? are column vectors and I is the identity matrix.
Let A be an n X n matrix. Let i, j be integers with 1 < i,j <nandi # j. If the i*® and jt"
columns are interchanged, then show that the determinant changes its sign.
If a scalar multiple on one column is added to another, show that the determinant does not
change.
Define determinant using permutations and with usual notations, prove that
det(A', A%, AJ =B+ C,-+,A") = det(4%, A2, B, -+, A™) + det(A%, A%, -+, C, -+, A™)
Define determinant using permutations and with usual notations, show that
det(4%, A%+, A/ = aB, -+, A™) = adet(4%, A%, -+, B, -+, A™).
Prove that det A = det AT, where A4 is an x n matrix and AT denotes transpose of A.
Let 4, B be n X n matrices. Show that det(AB) = det A detB.
Let A be an X n matrix. Prove that A X adj A = det A X I, where adj A denotes adjoint of
matrix A and I denotes n X n identity matrix.
If AT, A2,.--, A™ are n linearly dependent column vectors in R™, then prove that
det(4t, 4%,---,A™) = 0.
State and prove Cramer’s rule.
Let A and B be two similar matrices. Prove that det(4) = det (B).
Let A be an X n matrix. Prove that det(adj A) = (detA)" 1

UNIT 3: EIGENVALUES AND EIGENVECTORS.

Define Eigenvalue and characteristic polynomial of a matrix and prove that eigenvalues of a
matrix are the roots of the characteristic polynomial.
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Define similar matrices. Let A and B be two similar matrices. Prove that det(4) = det (B).
Define characteristic polynomial of a matrix. Show that A and AT have same characteristic
polynomial.

Given A and B are similar matrices. Let A be an eigenvalue of A. Then show that A is an
eigenvalue of B also.

If A isan eigenvalue of A, then prove that A* is an eigenvalue of A, for all k € N.

Prove that A is invertible iff A = 0 is an eigenvalue of A.

If A is an eigenvalue of A, then prove that a4 is an eigenvalue of a4, where a € R.

Let A be an n X n invertible matrix. If 1 is an eigenvalue of A, then prove that A # 0 and A1
is an eigenvalue of A71,

Let A be a n X n matrix. Define eigenspace of A and prove that eigenspace is a subspace of
R™,

Let A be an eigenvalue of a n x n matrix A. Let X and Y be eigenvectors corresponding to
eigenvalue A. Then for any scalars «, § > 0, show that aX + SY is again an eigenvector
corresponding to the eigenvalue A.

If Aisan eigenvalue of A, then for a, c € R prove that

(i) @A is an eigenvalue of aA.

(if) A + c is an eigenvalue of A + cl.

Let A4, 4,, -+, A, be distinct eigenvalues of n X n matrix A. Let X;,X,, -+, X}, be the
corresponding eigenvectors. Then show that {X;, X5, -+, X } is a linearly independent set.
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