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N.B.: (1) All questions are compulsory. :
(2) Figures to the right indicate marks for respective subquestions.

1. (a) Answer any ONE :
1. State and prove the Cayley Hamilton theorem. - (8)

4. For real vector space V and a subspace W of V' define quotient space V/ W (8)
Let V' be a finite dimensional real vector space and W be a subspace oF V.
Show that dimV/W = dimV — dim W =

(b) Answer any TWO

L. Define orthogonal matrix. Prove that a n x 7 matrix A is orthogonal if and (6)
only if the column vectors of A form an orthonormal basis of &
- 1. Let V' be a finite dimensional inner product space over R “If f : V — V/ is {(6)
an isometry, then show that there exists unique z, € Viand an orthogonal '
linear transformation 7' : V —+ V such that Flz) = Tla)t z,, Yre V.

iii. For a linear transformation T - P3(R) — P3(R) is defined by L)) = (=) | (6)
(P3(R) is a vector space of polynomials over R with degree < 3 and the
zero polynomial). Find kerT and ImT. Verify tie fundamental theorem of
homomorphism of vector spaces in case of T

iv. Show that a 2 x 2 orthogonal matrix A with détA = 1 is a matrix of rotation. (6)

2. (a) Answer any ONE =
1. Show that every real symmetric matrix is orthogonally diagenalizable. (8)

ii. Show that a quadratic form Q[lean be reduced to standard form Z Ay? (8)
. i=1
by .orthogonal change of variable X = PY, X = [z1 x5 el ¥ =
1 ¥2 ---y,]'. Further show that QX] is positive definite if and only if
A > 0, Vi ’ e

(b) Answer any TWO

i. Let 4., be a real i—:j}mmetric matrix. Show that 4AX .V = X . AY for all (6)
X,Y € R™. Hence or otherwise prove that eigen vectors corresponding to
distinct eigen vaities of A are orthogonal.

ii. Show that t_lge'_c'i]aracteristie ro0ts of 2 real symimetric matrix are rea). (6]
I -2 1
ii. If 4 = ( Y —2 3 |, then show thas 4100 -+ A% + I3 is diagonalizable. (6)
Lo o —1
: [P.T.0)
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tv. Let A,y be ra.rea.l diagonalizable matrix having eigen values 1 and -1. Show (6)
that A = 4-1,
3. (a) Answer any ONE
L. Define a cyelic group. -If G is a cyclic group of order n generated by a then < 48)
show that g™ generates G if and only if gea(m, n) = 1. :
ii. State and prove Lagrange’s theorem. - (8)
(b) Answer any TWO s
i. List all the elements of the group of symmetries of a rectangle (which: niay (6)

not be a square) as permutation on vertices. Find order of each element of
this group. Is the group cyclic? =

1i. Define a group homomorphism. Show that f : G — @ defined by _;"‘.(3:) = (6)
e Is a group homomorphism if and only if G is abelian., :
ii. Show that G = {A = (2 Z) /a R, a#= 0} is a group under matrix (6)
multiplication. - - i L
iv. Show that SVEry group of prime order is cyclic. e (6)

4. Answer any THRER

(a) Let V be a vector space and W be a subspace of . Show that that, for any (3)
:t:,y@VW—{—a::W—}-yorW—!—:cﬁ Why=4¢ "=

(b) Find the orthogonal transformation in 3 which r'.e'p.resents reflection with respect (5)
tox —y+2=0.
0 0 0\
(c) Determine whether matrix 4 = [ g G} is diagonalizable or not. (5)
3 61
(d) Let A and B both square matrices of order n such that P~14P and p-1pgp are (5)
both diagonal. Show that AR = 54,

(e} Construct the composition table of [J (12). Find the inverse of each of its ele- (8)
ments. _
(f) Show that F: (R, +) = (Fe+, -) defined by Hz)=¢c" 05 group isomorphism. (5)
: ‘***************
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