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Spac
Dhuration 2 $Hrs _ Marks: 75
N.B. : (1) All questions are compulsory .
"(2) Figures to the right indicate marks. ;
1. (a) Attempt any one : (8)

i. (X,d) is a metric space. Define limit point of F C X. Also show that F' is a closed set
if and only if F' contains all it’s limit points. ‘ ’

i Let (X, d) be a metric space and Y be a non-empty subset of X. Show that a subset
G of ¥ is open in the subspace (Y, d) if and only if G = VNY where V is an open set
in (X, d) L :

(b) Attempt any Two : % ‘
L Prove that (N,d) and (N, d:) where d is the usual distance (induced from R) and d;

is the discrete metric in N, are equivalent metric spares.

ii. State and prove Hausdorff property in a metric space (X, d)

ii. Let (X, d) be a metric space and A C X. Let A== {2z € X :Ve> 0,Bz,¢e) N A+ ).
Show that A is the smallest closed set containing A.

iv. Find the interiors A% B° and the boundaries 94,88 of A, B C R (distance being

usual) where 4 = (—=2,2)NZ, B= {é:ne N} u {0}

2. (a) Attempt any one : 7
i. State and prove Cantor’s Interseetion Theorem for metric spaces.
ii. (X,d) is 2 metric space. Show that a convergent sequence in (X, d) is a Cauchy
sequence. Give an example tc show that the converse is not true.
(b) Attempt any Two : .
1. Prove or disprove: Suppose dy,d, are equivalent metrics on a non-empty set X . If
(z.) is bounded in (X, d;) then (z,) is bounded in (X, da).
. (X,d) is a metric c:;:‘ﬁs.ce and A C X. Prove that:
(I) X\ A‘_) =X A
(I X\ A={X\ A)°
iii. Define a complete metric space and prove that a discrete metric space (X, d) is com-
plete.
iv. If (z.) and (y.) are sequences in a metric space (X.d) such that (z,) — p and

G —— g then show that the sequence of real numbers (@(zn, yn)) converges to d(p, q)
in {R, usual) '

3. (a) Attempt any One : _
¥ Let f:(X,d) — (Y, d') be 2 function. Prove that f is continuous on X if and only if
for each open subset G of ¥, F71(G) is an open subset of X.

ii. Let (X,d) and (Y, d") be metric spaces. Show that f:X — ¥ is continuous on X if
and only if for each subset A of X, f(A) C (F(A)}
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(b) Attempt any Two : LT (12)
i. Let (X,d) be a metric space and f : X — R, { R with usual metric) is contimuous
on X. Tf f(zy) > O for some zy € X then show tha.t 36 >0 such that f(x) >0 Vz e
B(zo, 8)- :
. 1 i
ii. Show that the function f : R\ {0} — R defined by f(z) = p ig uniformiy continuous
on [1, co] but not uniformly continuous on (0, 1). s
iii. Let.(X,d) be a metric space-and let A C X, If dy : ¥—— R is.defined by da(z) =
d(z, A) Then show that da Is comtinuous on X.

iv. Prove or disprove: If (X,d) and (Y,d') are metric Bpaces, 'nld f: X —Yisa
continuous bijective map, then for any open ball B in (X &), f(B) is an open ball in

(v, d). e
4. Attempt any Three : I (15)
(a) Show that || || is a norm on X, where X = M>(R) and {{A[| = maxigi <z {|ay|} for A=
(as5) 7
(b) Show that the set G = {(21, ) € RB? : 2z; + 3z~ < 1} is an open set, distance in R? being
. Buclidean. ‘

(¢} Let d and d; be equivalent metrics on X If {3,) — pin (X, d) then prove that (z,) — p
in (X, ds) ~

(d) Let (X, d) be a metric space and A € X, then prove that A is dense if and only if for every
nonempty open subset G C X,G N A fB

(e) Show that f : (R? dy) — {R d). defined by f(z,y) = 2z + y is continuous on R?, where
dy is Fuclidean metric on R? and d is usual metric on R

(f) Let (X,d) and (Y, &) be metric spaces. Show that if f : X — Y is uniformly continuous -
on X and if (z,) tn X is-Cauchy then show that the sequence (f(z,))is Cauchy in Y. ..
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